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Abstract

The Regional Earthquake Likelihood Models (RELM) test was the
first competitive comparison of prospective earthquake forecasts. The
test was carried out over 5 years from 1 January 2006 to 31 December
2010 over a region that included all of California. The test area was
divided into 7682 0.1°x0.1° spatial cells. Each submitted forecast gave
the predicted numbers of earthquakes N, larger than /=4.95 in 0.1
magnitude bins for each cell. In this paper we present a method that
separates the forecast of the number of test earthquakes from the
forecast of their locations. We first obtain the number N, of forecast
earthquakes in magnitude bin m. We then determine the conditional

probability Aemi=Z#sL that an earthquake in magnitude bin m
will occur in cell /. The summation of A,,,; over all 7682 cells is unity.
A random (no skill) forecast gives equal values of A, for all spatial
cells and magnitude bins. The skill of a forecast, in terms of the loca-
tion of the earthquakes, is measured by the success in assigning
large values of 4,,; to the cells in which earthquakes occur and low
values of 4,,; to the cells where earthquakes do not occur. Thirty-one
test earthquakes occurred in 27 different combinations of spatial cells
i and magnitude bins m, we had the highest value of 4,,, for that mi
cell. We evaluate the performance of eleven submitted forecasts in
two ways. First, we determine the number of mi cells for which the
forecast A,,; was the largest, the best forecast is the one with the
highest number. Second, we determine the mean value of 4,,, for the
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27 mi cells for each forecast. The best forecast has the highest mean
value of 4,,. The success of a forecast during the test period is
dependent on the allocation of the probabilities A,,, between the mi
cells, since the sum over the mi cells is unity. We illustrate the fore-
cast distributions of A,,, and discuss their differences. We conclude
that the RELM test was successful in illustrating the choices required
when a forecast of the location of a future earthquake is made.

Introduction

Prospective forecasts of earthquakes are forecasts of earthquakes
that may occur in the future. Retrospective forecasts are forecasts of
earthquakes that have already occurred. In principal, a retrospective
forecast can be carried out fairly. However, in many cases, the retro-
spective forecasts are based implicitly or explicitly on the occurrence
of the forecast earthquakes.

Examples of successful retrospective forecasts are those based on
accelerated moment release (AMR). A systematic increase in Benioff
strain is observed prior to an earthquake. Examples of AMR have been
given by Bufe and Varnes' and Bowman et al? among others.
However, the epicenters of the subsequent earthquakes are used to
define the regions in which AMR occurs. Hardebeck et al® have
argued that it is not possible to establish AMR without knowing the
locations of the subsequent earthquakes, thus AMR cannot be used
for prospective forecasting.

A primary example of prospective forecasts has been the sequence of
forecasts issued by the International Institute for the Theory of
Prediction and Theoretical Geophysics in Moscow. Their forecast algo-
rithms are based on pattern recognition of regional seismicity.*®
Increased rates of occurrence of intermediate magnitude earthquakes
are the primary components of their forecasts, thus they have a simi-
larity to AMR. When a threshold of anomalous behavior is reached, a
time of increased probability (TIP) is issued. These are alarm-based
forecasts. TIPs were released prior to the m=6.9 Armenian earthquake
on 7 December 1988 and prior to the m=6.9 Loma Prieta earthquake on
17 October 1989. Over a period of some 25 years successful TIPs were
issued prior to 42 of 47-targeted earthquakes.® However, the results
have been subject to criticism. Notable earthquakes were not predicted
and there were too many false alarms.”

Another example of a prospective forecast of earthquake occur-
rence was made for m>5 earthquakes in California for the period
2000-2010 by Rundle et al.® This was also an alarm based forecast.
Earthquakes were forecast to occur in specified sot spots. Holliday et
al.’ reported that 16 of 18 m=5 earthquakes that occurred during the
period 2000-2005 occurred in hot spot regions. This forecast was
based on the pattern informatics (PI) approach. Precursory seismic
activation and quiescence were quantified and when variations
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exceeded a prescribed threshold Aot spots were specified. Forecasts
were made for 0.1°x0.1° cells (about 11x11 km) which corresponded
roughly to the rupture length of an m 6 earthquake. Precursory seis-
micity included in the PI approach included m=3 earthquakes. The
size of the cells and magnitudes of earthquakes scale with AMR stud-
ies.10

A closely related forecasting technique is the relative intensity (RI)
approach. The RI forecast is based on the direct extrapolation of the
rate of occurrence of small earthquakes using Guttenberg-Richter fre-
quency-magnitude scaling. Shcherbakov et al.!' tested the RI method
globally. The success of the PI method described above led to a discus-
sion as to whether the PI method is significantly better than the RI
method. Comparisons of these approaches have come to different con-
clusions regarding their validity.'!*

Earthquakes are complex phenomena but they obey several scaling
laws. One example is Gutenberg-Richter (GR) frequency-magnitude
scaling. The cumulative number of earthquakes NV, With magni-
tudes greater than M in a region over a specified time are well approx-
imated by the relation

lOg Ntumula[iue =a-bM (1)

where b is a near universal constant in the range 0.8<b<1.1 and a is
a measure of the level of seismicity. Equation (1) can be used to esti-
mate the risk of large earthquakes based on the rate of occurrence of
small earthquakes. This is a primary basis for the time independent
seismic risk assessment. It is also the basis for the RI forecasts
described above. An essential question is the role of the time depend-
ence of the background seismicity in forecasting future earthquakes.

In order to test earthquake forecasts it is clearly desirable to use
prospective forecasts. In order for a prospective forecast test to be use-
ful it should be carried out in a reasonable length of time, say five
years, and a reasonable number of earthquakes should be expected to
occur. In order to meet these criteria the Regional Earthquake
Likelihood Models (RELM) test was developed and carried out. The
test region was California and adjacent regions.

Forecasts were solicited for M>5 earthquakes during the period
2006 to 2010. It is the purpose of this paper to discuss these forecasts
in terms of the earthquakes that actually occurred. The forecasts
involve both the number of earthquakes that will occur during the test
period and their locations. We present a method that separates these
two aspects of the forecasts. Forecasts were required to give the num-
bers of earthquakes that were expected to occur in 7682 (.1°x0.1° spa-
tial cells and 41 magnitude bins. We convert these forecast numbers to
a conditioned probability that an earthquake would occur in a speci-
fied spatial cell and magnitude bin in the test region during the test
period. Forecasts were solicited for main shock only and for main
shocks plus aftershocks. We will show that the submitted forecasts for
the two cases gave the same conditional probabilities. We will also
show that the conditional probabilities have either no dependence or
a weak dependence on the magnitude of the forecast earthquakes.

In the next section, we give the details of the RELM test. In the fol-
lowing section, we discuss the earthquakes that occurred in the test
region during the test period. The //=7.2 El Mayor-Cucapah earth-
quake on 4 April 2010 was particularly important. Then, we discuss the
submitted forecasts. In section 5 we evaluate the performance of the
forecasts. We conclude that no single performance measure can be
used to measure the success of a submitted forecast. Moreover, we
compare the performance of the submitted forecasts on the basis of
the submitted probability that an earthquake would occur in a speci-
fied cell. The sum of these probabilities is unity so that the allocation
of the probabilities between cells distinguishes the good forecasts
from the bad forecasts. Finally, we summarize our results.
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Regional Earthquake Likelihood Models test
In order to test methods for forecasting future earthquakes the

Southern California Earthquake Center formed the working group for

RELM in 2000."* For the first time a competitive test of prospective

earthquake forecasts was to be carried out. Research groups were

encouraged to submit forecasts of future earthquakes in California. At
the end of the test period, the forecasts would be compared with the
actual earthquakes that occurred.

The ground rules for the RELM test were as follows:

i) The test region to be studied was the state of California, however
the selected region extended somewhat beyond the boundaries of
the state as shown in Figure 1.

ii) A five-year time period for the test was selected extending from 1
January 2006 to 31 December 2010. Earthquakes with #1=4.95
were to be forecast. For California, in years with major aftershock
sequences, the level of seismicity is well approximated by GR scal-
ing from Eq. 1 taking b=1 and a=5.4 per year.!’ The number of
m>5 earthquakes expected per year would be 2.5 or 12.5 for 5
years. For M=6, only about one earthquake would be expected, so
the 5-year period would be much too short. The applicable magni-
tudes were taken from the Advanced National Seismic System on-
line catalog httpz/www.ncedc.org/anss/anss-detail.html

iii) Participants were required to submit the number of earthquakes
expected to occur in specified spatial cells and magnitude bins
during the test period. The test region was subdivided into
N,=7682 spatial cells with dimensions 0.1°x0.1° (approximately
11x11 km). These spatial cells were further divided into 41 mag-
nitude bins: 4.95=M<5.05, 5.05=M<5.15, 5.15=M<5.25, ... ,
8.85<M<8.95, 8.95<M<co. The participants were required to spec-
ify the expected number of earthquakes /V,,; in magnitude bin m
that would occur during the test period in cell 7.

iv) Participants could submit forecasts that included all earthquakes
in the test region as well as forecasts that excluded aftershocks.

434 Detail in Figure 4

Test region
—— Faults
994 © M>=4.95

31+ * M=7.2

30 1] 1 1] ] 1 ] 1
—128 —126 —124 —122 —120 —118 —116 —114 —112

Detail in Figure 2

Figure 1. Map of the test region, the coast of California, major faults,
and the 31 earthquakes with />4.95 that occurred in the test
region. The earthquakes are listed in Table 1. Also shown are the
square regions where large-scale maps are given in Figures 2 to 4.
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Seventeen forecasts were submitted by eight groups. Before dis-
cussing these forecasts in some detail we will discuss the earth-
quakes that occurred in the test region during the test period with
M=4.95.

The earthquakes

During the test period 1 January 2006 to 31 December 2010, there
were N,=31 earthquakes in the test region with /=4.95. The times of
occurrence, locations, and magnitudes of these earthquakes are given
in Table 1. The locations of the test earthquakes are also shown in
Figures 1-4. The earthquakes are identified by the event numbers
given in Table 1.

The major earthquake that occurred during the test period was the
M=7.2 El Mayor-Cucapah earthquake on 4 April 2010 (event #22 in
Table 1). This earthquake was on the plate boundary between the
North American and Pacific plates. The epicenter was about 50 km

Table 1. Times of occurrence, locations, and magnitudes of the 31
earthquakes in the test region with M=4.95 from 1 January 2006
until 31 December 2010. The M=7.2 El Mayor-Cucapah earth-
quake is in italics.

south of the Mexico-United States border, and the aftershocks indicate
a rupture zone with a length of about 75 km. Both the epicenter and
the aftershock sequence are illustrated in Figure 2.

The earthquakes within a 0.5°x0.5° region centered on the epicen-
ter are illustrated in Figure 3. The El Mayor earthquake and the test
earthquakes that occurred later, 4 April 2010 to 31 December 2010 are
given in Figure 3B. Because of their proximity to the El Mayor earth-
quake in both space and time, events 23, 24, 25, 26, 28, and 31 are
almost certainly aftershocks. The EI Mayor earthquake and the test
earthquakes that occurred earlier, 1 January 2006 to 3 April 2010 are
given in Figure 3A. Events 1,7, 8, 9, 10, 14, 16, and 19 constitute a pre-
cursory swarm of eight test earthquakes in this region in the magni-
tude range 4.97 to 5.80, including four in the 10 day period between 9
February and 19 February 2008 (events 7-10). These events are locat-
ed some 5 km to 20 km north of the subsequent epicenter of the El
Mayor-Cucapah earthquake and lie outside the primary aftershock
region of that event, as illustrated in Figure 3A. This swarm of earth-
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1 2006/05/24 04:20:26.01 32.3067 -115.2278 5.37
2 200607/19 11:41:43.46 40.2807 -124.4332 5.00
3 2007/02/26 12:19:54.48 40.6428 -124.8662 5.40
4 2007/05/09 07:50:03.83 40.3745 -125.0162 5.20
5 2007/06/25 02:32:24.62 41.1155 -124.8245 5.00
6 2007/10/31 03:04:54.81 374337 -121.7743 545
7 2008/02/09 07:12:04.55 32.3595 -115.2773 5.10
8 2008/02/11 18:29:30.53 32.3272 -115.2568 5.10
9 2008/02/12 04:32:39.24 32.4475 -115.3175 4.97
10 2008/02/19 22:41:29.66 32.4325 -115.3130 5.01
1T 2008/04/26 06:40:10.60 39.5253 -119.9289 5.00
12 2008/04/30 03:03:06.90 40.8358 -123.4968 540
13 2008/07/29 18:42:15.71 33.9530 -117.7613 5.39
14 2008/11/20 19:23:00.19 32.3288 -115.3318 4.98
15 2008/12/06 04:18:42.85 34.8133 -116.4188 5.06
16 2009/09/19 22:55:17.84 32.3707 -115.2612 5.08
17 2009/10/01 10:01:24.67 36.3878 -117.8587 5.00
18 2009/10/03 01:16:00.31 36.3910 -117.8608 5.19
19 2009/12/30 18:48:57.33 32.4640 -115.1892 5.80
20 2010/01/10 00:27:39.32 40.6520 -124.6925 6.50
21 2010/02/04 20:20:21.97 404123 -124.9613 5.88
22 20000404  22:40:42.15 32.2587 -115.2872 7.20
23 2010/04/04 22:50:17.08 32.0972 -115.0467 5.1
24 2010/04/04 23:15:14.24 32.3000 -115.2595 543
25 2010/04/04 23:25:06.95 32.2462 -115.2978 5.38
26 2010/04/05 00:07:09.07 32.0180 -115.0172 5.32
27 2010/04/05 03:15:24.46 32.6282 -115.8062 4.97
28 2010/04/08 16:44:25.92 32.2198 -115.2760 5.29
29 2010/06/15 04:26:58.48 32.7002 -115.9213 5.72
30 2010/07/07 23:53:33.53 33.4205 -116.4887 543
31 2010/09/14 10:52:18.00 32.0485 -115.1982 4.96
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Figure 2. Map of the southeast region around the epicenter of the
M=7.2 El Mayor-Cucapah earthquake that occurred on 4 April
2010 (event #22 in Table 1, shown as a star). (A) Earthquakes dur-
ing the period 1 January 2006 through 3 April 2010. (B)
Earthquakes during the period 4 April 2010 through 31
December 2010 (includes aftershocks). Included are the test earth-
quakes given in Table 1 as well as background earthquakes with
M=2.0. More details in the square region are given in the larger

scale maps in Figure 3.
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Figure 3. Map of the region in the immediate vicinity of the epi-
center of the M=7.2 El Mayor-Cucapah earthquake. (A)
Earthquakes during the period 1 January 2006 through 3 April
2010. (B) Earthquakes during the period 4 April 2010 through 31
December 2010. Included are the test earthquakes given in Table
1 as well as background earthquakes with //>2.0. Tﬁe association
of lettered 0.1°x0.1° cells in which earthquakes occurred with the
numbered earthquakes is illustrated.
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quakes certainly cannot be considered foreshocks, due to their rela-
tively small magnitudes and early occurrence, but may represent a
seismic activation. Foreshocks are by definition main shocks followed
by a larger triggered aftershock.” Thus foreshocks have magnitudes
that are statistically close to the following main shock.!®

The locations of the earthquakes given in Table 1 identify the
0.1°x0.1° cells in which the earthquakes occurred. These cells are
illustrated in Figure 3. Cells in which earthquakes occurred are iden-
tified by capital letters. Earthquakes in Figure 3A occurred in cells A,
G, N, K, and Q. Earthquakes in Figure 3B occurred in cells A, Q, R, and
V. The association of earthquake event numbers with cell letters is
given in Table 2. The occurrence of five test earthquakes in cell A is
not surprising since this is the Cerro Prieto geothermal area that is
recognized as having a high level of seismic activity.

We next turn to the somewhat larger region (3.0°x2.5°) illustrated
in Figure 2. The El Mayor earthquake and the test earthquakes that
occurred later, 4 April 2010 to 31 December 2010 are given in Figure 2B.
The aftershock region of the EI Mayor-Cucapah earthquake is clearly
illustrated, and events 27 and 29 are almost certainly aftershocks. Event
30 may or may not be an aftershock. The El Mayor earthquake and the
test earthquakes that occurred earlier, 1 January 2006 to 3 April 2010
are given in Figure 3A. During this period no test earthquakes occurred
outside the smaller region considered in Figure 3A.

We next consider the 2°x1.4° region adjacent to Cape Mendocino,
illustrated in Figure 4. Six test earthquakes occurred in this region
(events 2, 3, 4, 5, 20, and 21) in the magnitude range 5.0 to 6.5. This is
aregion of high seismicity, and this concentration of events is expect-
ed. Event 21 may or may not be an aftershock of event 20.

There were seven test earthquakes that occurred outside of the
regions considered above. These are illustrated in Figure 1, and their
magnitudes ranged from 5.0 to 5.45. The pair of earthquakes #17 and
#18 are very close in location, magnitude, and time of occurrence. It is
very likely that the M=5.0 earthquake on 1 October 2009 was a fore-
shock of the M=>5.19 earthquake on 3 October 2009.

Submitted forecasts

The submitted forecasts have been discussed in some detail.* The
nineteen forecasts submitted by eight groups are available on the
RELM website (http/relm.cseptesting.org/). In order to have a common
basis for comparison, we will only consider forecasts that cover the
entire test region. Thirteen forecasts were submitted that gave forecast
numbers, N,,;, of M=4.95 earthquakes in (.1 magnitude bins during the
five year test period for all V,=7682 0.1°x0.1° cells.

The submitted forecasts are based on a variety of approaches. The
Bird and Liu forecast!'” was based on a kinematic model of neotecton-
ics. The Ebel et al. forecast'® was based on the average rate of M=5
earthquakes in 3°x3° cells for the period 1932 to 2004. The Helmstetter
et al. forecast was based on the extrapolation of past seismicity. The
Wiemer and Schorlemmer forecast? was based on the asperity-based
likelihood model. Ward?' submitted six forecasts. His seismicity sub-
mission was based on the extrapolation of past seismicity (Ward seis.),
his geologic submission was based on fault slip data (Ward geol.). Two
geodetic based simulations were made, one with a maximum magni-
tude of 8.1 (Ward geod.) and one with a maximum magnitude of 8.5
(Ward geol. 8.5). His simulation submission was based on a fault-based
simulation of earthquakes in California (Ward sim.). His final submis-
sion was an average of the first three submissions (Ward combo).

We will now discuss the Holliday et al.* forecast in somewhat greater
detail. The basis of this RELM forecast followed the format introduced
in the PI forecast methodology.** The magnitude range /=5 and the
cell dimensions 0.1°x0.1° were the same. However, the PI method was
alarm based. Earthquakes were forecast to either occur or not occur in
specified regions (hot spots) in a specified time period. In the PI based
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Figure 4. Map of the northwest region near Cape Mendocino. Test
earthquakes given in Table 1 are shown as well as background
earthquakes with //>2.0.

RELM forecast, all hot spot cells are given equal probabilities of an
earthquake. Instead of being alarm based, the RELM test was based on
numbers of occurrence of earthquakes in each cell in the test region.
This required a continuous assessment of earthquake occurrence
rather than a binary, alarm-based assessment. To do this, the Holliday
et al? forecast introduced a uniform probability of occurrence for
hotspot regions and added smaller probabilities for non-hotspot regions
based on the RI of seismicity in the region. As a result the distribution
of risk in this forecast was very different from the other forecasts. We
will quantify this difference in a later section.

As stated in our description of the RELM test, each participant sub-
mitted the forecast for the number of earthquakes V,,; in magnitude
bin m that would occur in cell i. Thus 41x7682=314,962 values of N,,,
were submitted in each forecast. In this paper we emphasize that there
are two aspects to the RELM forecasts: i) How many earthquakes will
occur in the test region during the test period? ii) Where will the fore-
cast earthquakes occur? The number of earthquakes /V, expected is cer-
tainly variable but an extrapolation from past seismicity is straightfor-
ward. We believe the primary focus of earthquake forecasting is to
specify the spatial risk of an earthquake. In this paper we focus our
attention on the conditional probability A,,, that a test earthquake will
occur in spatial cell 7 with a magnitude in magnitude bin m.

The submitted forecasts give the number /,,; of earthquakes fore-
cast to occur in spatial cell / and in magnitude bin m. The sum of the
N, over all N .=7682 cells is the total number of earthquakes V,,, fore-
cast to occur in magnitude bin m during the test period

N
J\"}-m — Z ‘I\IY(:IJH" (2)

i=1
The total number of earthquakes N, forecast to occur during the test
period is given by

9

Ne=3" Ne. ®

m=>5

The number of earthquakes N, forecast to occur in magnitude bins
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during the test period are given in Table 2. The discussion of these val-
ues and their relation to the actual number of test earthquakes that
occurred V,=31 will be given in the next section.

The forecast conditional probability A, that a test earthquake will
occur in spatial cell / with a magnitude in magnitude bin m is given by

N emi

)‘cm-z' = Ng;-n . )]

From Egs. (2) and (4) we see that

D Aemi = 1. )

For all submitted forecasts the sum of the conditional probabilities
over all cells is one. Thus the forecasts differ only in the allocation of
the conditional probability between the NV,=7682 spatial cells. This allo-
cation will be discussed in some detail in a later section.

The forecast conditional probabilities A,,, for the spatial cells in
which test earthquakes occurred are given in Table 2. For each of the
31 earthquakes (identified by number in Table 1) the appropriate cell /
and magnitude bin m are given. The lettering of i for cells has been
illustrated in Figure 3. Note that earthquakes 9 and 10 occurred in mag-
nitude bin m=>5 and cell /=G, earthquakes 7, 8 and 16 occurred in mag-
nitude bin m=>5.1 and cell i=A. Thus we consider 27 cells / and magni-
tude bins m which we refer to as mi cells. Ebel et a/.'® and Helmstetter
et al.¥ submitted separate forecasts for all earthquakes and for only
main shocks. From Table 2 we see that the forecast numbers N, are
substantially higher when aftershocks are considered. However, from
Table 2 we see that the conditional probabilities A, are identical with
and without aftershocks. Because of our rescaling approach, we elimi-
nate the difference between these two types of forecasts in terms of
forecast locations.

It would be desirable to identify whether the single forecasts were for
all earthquakes or for only main shocks. Unfortunately the submissions
were ambiguous on this subject. Based on the equality of the values of
Aomi for the Ebel et al.'® and Helmstetter ef al.!® forecasts we will hypoth-
esize that the results for the other

forecasts are not significantly dependent on whether they were for
all earthquakes or for main shocks only.

Evaluation of Results

During the formulation of the RELM project a comprehensive testing
strategy was also developed.? A suite of likelihood tests were proposed
which would be implemented through a testing center.> The approach
utilized an L-test, N-test, and R-test. These tests were applied to the
raw submitted data. This approach was applied to the first 215 years of
RELM results by Schorlemmer et al.? Zechar et al.*" recognized a prob-
lem with the original proposed likelihood tests and proposed a modifi-
cation. We note that in the testing approach given by Schorlemmer et
al it was suggested that the declustering algorithm given by
Reasenberg?® be used to separate aftershocks from main shocks.
Unfortunately the single submission forecasts were not clearly defined
to include all earthquakes or just main shocks.

The primary purpose of this paper is to present a complementary
approach. Our approach has the advantage that the evaluation of the
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numbers of earthquakes forecast can be separated from the forecast of
their locations. A preliminary version of our approach has been given
by Lee et al.®

We first consider the forecasts of the number of test earthquakes
that would occur during the test period given in Table 2. The total num-
ber of test earthquakes was 31. Based on the discussion given in sec-
tion 4 we concluded that 9-11 earthquakes were aftershocks, which
means there were 20-23 main shocks. Thus there were 29-35% after-
shocks and 65-71% main shocks. For the two sets of forecasts that dis-
tinguished aftershocks, Ebel et al.'® had 86 (75%) aftershocks and 29
(25%) main shocks and Helmstetter et al.'® had 14 (40%) aftershocks
and 21 (60%) main shocks. The latter values were reasonably close to
the actual values. For the single submissions Holliday et a/.?* forecast
30 earthquakes and Wiemer and Schorlemmer* forecast 24 earth-
quakes, both reasonable values. The 55 earthquakes forecast by Bird
and Liu'” was high and Ward?' had values from 8 to 56 earthquakes for
his 6 forecasts.

The probability 4,,, is the forecast conditional probability that a test
earthquake will occur in spatial cell / and magnitude bin m. These prob-
abilities, given in Table 2, can be used to compare the spatial aspect of
RELM forecasts. We first discuss two aspects of the forecast values of
)‘emi:

i) Values of A, have been given for both main shock and main

shock plus aftershock forecasts by Ebel ef al.'® and Helmstetter et

al.¥ In both cases the values of A,,; are identical with and without
aftershocks. Thus 13 submitted forecasts are reduced to 11 when
considering forecast locations.

i) It is of interest to compare the forecast probabilities for two earth-

quakes that occur in a cell with different magnitudes. As a specific

example we consider two earthquakes that occurred in cell Q, #22

with m=7.2 and #28 with m=5.3. For seven of the 11 forecasts the

values of 4, are identical. The others have relatively close values.

By normalizing the conditional probabilities with the number of

earthquakes /V,,, in magnitude bin m we have isolated the frequen-

cy-magnitude (b value) statistics.

We now address the question, which forecast is best at specifying
the location of future earthquakes. As a specific example, we consider
the M=7.2 El Mayor-Cucapah earthquake (event #22). The 13 submit-
ted values of 4,,, are given in Table 2. They range from A,,,=2.12x10-3
for the Wiemer and Schorlemmer? forecast to A,,,=3.12x10-* for the
Ward? simulation forecast. The Wiemer and Schorlemmer? forecast
was the best forecast in that it gave the highest probability of occur-
rence in this spatial cell and magnitude bin. Using these criteria the
best forecasts are highlighted in bold in Table 2.

There were three spatial-magnitude bins that had multiple earth-
quakes. These were G-5 with two (earthquakes 9 and 10), A-5.1 with
three (earthquakes 7, 8, and 16) and A-5.4 with two (earthquakes 1 and
24). Earthquakes occurred in 27 spatial magnitude bins. Wiemer and
Schorlemmer? forecast the largest A,,,; for 9 bins, Holliday et al. % for 8
bins, Helmstetter ef al.’® and Bird and Liu'? for 3 bins, Ward? simula-
tion model 2 bins, Ward?!' seismic model 1 bin, and Ebel et al.'¥ 1 bin.

There are other ways to evaluate the results of the forecasts. One
forecast might do very well (high A,,,) for some test earthquakes and
do poorly (low A,,,) for other test earthquakes. The overall validity of a

forecast can be quantified using the mean forecast probability Acn; for
the 27 spatial-magnitude bins. These values are also given in Table 2.
The best overall forecast by this measure was Wiemer and
Schorlemmer?2 with Ac..; =1.44x10-3 and Helmstetter et al'® with

Aemi =1.38x10-3. It is also of interest to compare the submitted fore-
casts to a random forecast. Consider an earthquake in magnitude bin
m, the sum of all conditional probabilities A,,, is unity as given by Eq.
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(5). A random forecast would give equal probabilities to all cells )\:;;‘,:',-“r .
From Eq. (5) this value is given by
)\ru nd _ 1 . 1

= =1.30 x 1074, ©®
emi =N, = 7682 .

The best mean forecasts exceed this value by about a factor of 50. All
the winning forecasts given in Table 2 exceed this random forecast.

Distribution of cell probabilities

The basic purpose of this paper is to better understand the physics
and statistics of earthquake forecasts. We have concentrated our dis-
cussion on the relative probabilities of where earthquakes will occur. In
order to do this we have introduced the conditional probability 4,,,; that
an earthquake in magnitude bin m will lie in spatial cell ;. The sum of
Aem; OVer all bins 7 is unity. Thus the allocation of conditional probabil-
ities A,,; between cells is the essential feature of a successful forecast.
To explore this we will consider the forecast probability A, that an
earthquake with magnitude m=4.95 will occur in cell /. The definition
of this probability is

A'Ve’m.i

/\r:f = mev . (7)
Zi Zm ‘I\If"”f-

Once again we have

2 Ai=1. ®

The values of the probability A,; are similar to the values of the con-
ditional probability A,,,, but the sum over magnitude bins eliminates
the weak dependence of 4,,, on m due to different values of the b-value
used in the forecasts. We rank these probabilities A, in a forecast from
the highest to the lowest. The highest forecast probability is V; and the
lowest forecast probability is NVygg,.

In Figure 5 we give the distribution of forecast probabilities A,; for
the forecasts of Bird and Liu,'” Ebel et al.,'® Helmstetter et al.,'* Holliday
et al.,”® and Wiemer and Schorlemmer et a/.?? are given in Figure 5. The
areas under the curves are equal to 1. For the highest probabilities
0<N.<100 the forecasts of Helmstetter et al. and Wiemer and
Schorlemmer forecast the highest probabilities A;,, however the fore-
casts of Wiemer and Schorlemmer are slightly higher because they
gave reduced probabilities for large V.. In the range of 100</N,<637 the
forecast by Holliday et al. gave the highest probabilities of occurrence.
This behavior can be attributed to the alarm basis of the PI forecast.
The highest probability cells, 0</N <637 were given the same probabil-
ity values. For the range 637</N,<7682 the forecast probabilities were
much lower. In the range 637</N,<4000 the forecast probabilities given
by Bird and Liu and Ebel e al. were the highest and were approximate-
ly equal. For the range 400</V,<7682 the forecast probabilities given by
Bird and Liu were the highest. The forecast by Wiemer and
Schorlemmer gave the largest range of values and the forecast by Bird
and Liu gave the smallest range of values. If a range of low probabili-
ties are given in order to enhance the values of the highest probabili-
ties the risk is that an unexpected earthquake will occur in the cells
with a low forecast probability. An example is the forecast (Table 2)
Aemi=1x10~ given by Wiemer and Schorlemmer? for test earthquake
#1. The highest forecast for this earthquake was A,,,=7.29x10-*by Bird
and Liu."

OPEN 8HCCE55
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Anno skill forecast would assign a probability AZ“"¢ =7.29x10-*to all
cells (Eq. 6). Out of the 7682 cells the Helmstetter et al' and the
Wiemer and Schorlemmer® forecasts had 1400 cells with higher than
no skill probabilities, Bird and Liu'” had 1900 and Ebel et a/.'® 2100.

As we have previously discussed earthquake forecasts can be either
probabilistic or alarm based. The submission rules for RELM were prob-
abilistic. The only forecast that had an alarm based distribution of fore-
casts was Holliday et al.?’ In the probabilities A,,,listed in Table 2, the
hot spot (alarm) cells had values A,,=1.15x10-3. Of the 27 cells in
which earthquakes occurred, 20 occurred in hot spot cells. In 8 of the
20 cells, the hot spot forecasts had the highest probabilities of occur-
rence. The hot spot cells comprised 8.3% of the test region (637 of the
7682 cells). This alarm-based behavior is clearly illustrated in Figure 5.

Discussion

The RELM test provided a well-defined set of prospective earthquake
forecasts and a well-defined set of test earthquakes. In this paper we
present a method for evaluating the RELM forecasts. We believe our
approach has significant advantages but look forward to comparing our
results with those obtained by other authors.

RELM forecasts provide the numbers N, of earthquakes expected to
occur in magnitude bins /m and spatial cells 7. The basis of our approach is:

i) To use Eq. (2) to determine the forecast number N,, of earth-

quakes expected to occur in magnitude bin m.

ii) To use Eq. (4) to determine the conditional probability A, that an

earthquake with magnitude in magnitude bin m will occur in cell 7.

In addition Eq. (4) is used to determine the total number /V, of fore-

cast earthquakes.

Z 0
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Figure 5. Distribution of forecast probabilities A,; that an earth-
quake with 724.95 will occur in cell 7. The 7682 forecast cell
probabilities are ranked from highest to lowest. In each forecast
the sum of the probabilities is unity. The no skill forecast is also
included.
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The conditional probability A,,, is the forecast probability that an
earthquake with magnitude m will occur in cell ;. The sum of the A,,,
over all cells is unity. The allocation of the A,,,to cells is the forecast of
where earthquakes are expected to occur. When separate forecasts
were submitted for all earthquakes and for only main shocks the values
of A,,; were identical. In addition the values of A,,, were either inde-
pendent of m or only weakly dependent on m.

A random (no skill) forecast would have assigned equal values of 4,
to all cells. The success (skill) of a forecast is measured by the forecast-
ers ability to assign large values of A, to the cells where test earth-
quakes occurred and small values where they did not occur.

During the test period 31 earthquakes occurred with />4.95. These
earthquakes occurred in 27 different combinations of spatial cell / and
magnitude bin m as shown in Table 2. The largest forecast values of
A.mifor each of these 27 values of m and / were the best forecasts, these
are highlighted in Table 2. The largest values ranged from
Aomi=5.92x10-3 for earthquakes 7, 8 and 16 in magnitude bin m=>5.1
and in cell Ato A,,,=2.49%x10-*for earthquake 11 in magnitude bin m=>5
and cell H. All the largest values exceeded the random (no skill) value
=1.30x10-*given in Eq. 6. One measure of the best forecast is the fore-
cast with the largest number of highest A,,,;. From Table 2 the winner
by this measure is the Wiemer and Schorlemmer? forecast with 9 high-
est values followed by Holliday ez a/.2’ with 8 highest values. An alterna-
tive measure of the best forecast is the highest mean value of 4,,,; for
the 27 values of m and i. The values of for the forecasts are given in
Table 2. The winner by this measure is again the forecast by Wiemer

and Schorlemmer? with A..n; =1.44x10-3 followed by Helmstetter et
al® with Acrni =1.38x10-3. These values are about one order of magni-

tude better than the random (no skill) value Ao Z1.30x10-4,

The success of a RELM forecast is dependent on the allocation of the
probabilities A,,,; between the 7682 cells. In Figure 5 we give the distri-
bution of forecast probabilities A, for five forecasts. The variability is
clearly illustrated. It is interesting to compare the forecast by Wiemer
and Schorlemmer? to the forecast by Helmstetter e al.!” Wiemer and
Schorlemmer? had slightly higher values of A, in the high probability
regions. This is the reason that Wiemer and Schorlemmer? had the
best forecasts for earthquakes 1, 6, 7, 8, 14, 16, 22, 24, 25 and 29. In
order to have these higher values of A,, Wiemer and Schorlemmer*
had very low values of A, in low probability regions. The consequence
of the balance was the very poor forecast (4,=7.09x10-?) for earth-
quake number 5. It is a matter of choice how this poor forecast should
be penalized.

The forecast by Holliday et al? differed from the other forecasts
since it was alarm based. This is clearly seen in Figure 5 where the 637
high probability cells had equal forecast probabilities, A,=1.51x10-2.
The consequence was that this forecast was not highest in high proba-
bility regions but was the highest in moderate probability regions. Thus
this forecast had the highest probabilities (A,=1.51x10-%) for earth-
quakes 3, 13, 17, 18, 20, 21, 27 and 31. Overall 23 of the 31 earthquakes
occurred in hot spot regions that included 637 out of 7682 (8.3%) of the
cells. However, the Holliday et al.?’ forecast had very low forecast prob-
abilities (2-9x10-%) for four of the earthquakes.

Conclusions

In summary we conclude that the RELM test was extremely useful in
providing an understanding of the trade offs in forecasting the loca-
tions of future earthquakes. The RELM forecasts were primarily based
on the extrapolation of the rates of earthquake activity to forecast
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where future earthquakes occur. The results quantified the statistical
validity of this approach. It should be noted that there were two impor-
tant limitations to the RELM test approach. The first is that prospective
test earthquakes have considerable statistical variability. The RELM
test earthquakes were dominated by events associated with the M=7.2
El Mayor-Cucapah earthquake. The second is the relevance of the test
earthquakes to the occurrence of larger earthquakes. The minimum
magnitude earthquake in the RELM test was M=4.95. From Table 1 we
see that 29 of the 31 earthquakes have magnitudes M<6. This activity
certainly correlated quite well with pre-existing background seismicity.
Earthquakes with //>7.0 are likely to occur on mapped faults. Many of
these faults (ie. the San Andreas) have low levels of seismicity on
them. The implications of this low level of seismicity are not clear.
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